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 A B S T R A C T

In nonlinear systems, the dynamical integrity of a steady state solution characterizes its robustness against 
external perturbations. Determining the dynamical integrity is a challenging task even for moderately sized 
systems, and it becomes even more complex in time-delay systems due to their infinite-dimensional state-
space representation. Building upon previous studies, the current paper targets this problem and introduces an 
efficient iterative algorithm for estimating the local integrity measure of both fixed points and limit cycles in 
time-delay systems. The proposed method is computationally fast, enabling parametric analysis and making it 
a powerful tool for identifying safety-critical parameter regions, where even small disturbances can cause the 
system to escape the desired steady state. The effectiveness of the algorithm is demonstrated through two case 
studies: a delayed van der Pol–Duffing oscillator and an inverted pendulum equipped with a tuned vibration 
absorber.
1. Introduction

A peculiar problem of nonlinear dynamical systems is that multiple 
stable solutions can coexist, a phenomenon with no counterpart in 
linear systems, where at most one attractor exists. This issue has 
significant practical consequences. For a linear system, the stability of 
a steady state solution implies that this state is globally attractive, that 
is, if it is subject to an arbitrary finite perturbation, the system dynam-
ics will return to its original state. Conversely, in nonlinear systems, 
the stability of a steady state only entails that the system is locally
attractive, meaning that the system dynamics will converge back to its 
original state only if the perturbation is sufficiently small. However, the 
threshold amplitude beyond which the system may transition to a dif-
ferent attractor is generally unknown. In practice, a physical nonlinear 
system, although correctly functioning in a stable condition, if subject 
to an excessively large perturbation related to transient surrounding 
conditions, might converge towards other undesired regimes [1].

This problem is encountered across very diverse disciplines. For 
example, in traffic flow, a single driver temporarily slowing down 
can cause a traffic jam on an otherwise free-flowing highway [2–6]. 
In machining, microscopic material heterogeneities may trigger vigor-
ous chatter vibrations [7–9]. Epilepsy can result from a perturbation 
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that drives the dynamical system of the brain towards pathological 
synchronization and self-sustaining oscillatory activity of neuronal pop-
ulations [10,11]. Similarly, power grid blackouts can occur when faults 
push generators out of synchrony [12], a problem that becomes partic-
ularly relevant with the extensive integration of distributed renewable 
energy sources [13,14]. The phenomenon is relevant for numerous 
other applications, such as wheel shimmy [15–17], valve dynamics [18,
19], robot control [20–22], aeroelastic flutter of wings [23–25], energy 
harvesters [26–28], and epidemic models [29,30], among others.

Arguably, the most comprehensive tool for studying the robust-
ness of dynamical systems against external perturbations – a property 
termed dynamical integrity (DI) – is the basin of attraction (BoA). 
The BoA of a stable solution is the set of initial conditions in the 
state-space that asymptotically converge to that solution. However, 
computing BoAs is challenging. Analytical methods, mainly based on 
Lyapunov functions, are typically limited to specific nonlinear forms of 
the equations of motion [31], and there are no general algorithms to 
find them [32,33]. Conversely, numerical approaches suffer from high 
computational cost and memory issues, which are only mitigated, for 
example, by the cell-mapping method [34,35] and its variants [36,37].

Another problem of BoAs is the interpretation of the information 
they provide in a practical way, an issue solved through the introduc-
tion of DI measures, which are scalar quantities defining the DI of a 
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steady state solution [38–41]. These are particularly useful for studying 
basin erosion [40,42]. For example, the global integrity measure [39], 
later renamed basin stability [12], is the ratio of a BoA’s volume to 
that of a reference state-space region, while the integrity factor [43], 
which aims to exclude fractal portions of the BoA, is the radius of the 
largest hypersphere entirely contained in the BoA. Another practical DI 
measure, relevant for this study, is the local integrity measure (LIM), 
defined as the minimal distance between a steady state solution and 
any point external to its BoA.

In [44], we introduced a fast method for directly estimating the LIM 
of a solution without requiring to compute its BoA. The method, imple-
mented in the MATLAB toolbox DynIn, exploits an iterative estimation 
of the LIM through the subsequent generation of system’s trajectories 
in the state-space, enabling it to rapidly identify nearest escape routes 
without full BoA reconstruction. The algorithm is particularly rapid 
thanks to a subdivision of the state-space in cells, which enables fast 
categorization of the trajectories and identification of other solutions, 
significantly reducing computational time. Additionally, since the al-
gorithm does not require to explore the entire state-space, it does 
not present memory issues, which instead affect the cell mapping 
method [37]. The method was recently enhanced for the analysis of 
periodic solutions of autonomous and non-autonomous systems in [45]. 
The main objective of this study is to extend it also to periodic solutions 
of time-delay systems.

Time delay is relevant for a wide variety of dynamical systems and 
phenomena. Examples include traveling wave phenomena [19], regen-
erative effects [7,46,47], feedback control [21,22,48,49], and other 
phenomena where the current behavior of the system is influenced by 
its history [50–54]. The corresponding dynamics is governed by delay 
differential equations (DDEs), which have an infinite-dimensional state-
space representation [55,56]. This means that the initial condition is a 
function of time, and not a point in a finite-dimensional state-space. 
Consequently, the classical definition of BoA is not directly applicable 
to time-delay systems.

Some studies in the literature attempt to define BoA of time-delay 
systems, for example based on Lyapunov-Krasovskii functionals [57]. 
However, the derivation of a proper Lyapunov-Krasovskii functional 
for a generic nonlinear dynamical system is challenging. Thus, instead 
of this analytical approach, often the initial function is restricted to 
a specific type (constant/linear/jump type) [58,59], reducing initial 
conditions to single points in a finite state-space.

Recently, the LIM estimation algorithm [44] was generalized to 
the case of DDEs [60], where the BoA, and so the LIM, were defined 
based on the headpoint of a restricted type of initial conditions. The 
method proved very efficient, enabling extensive parametric analysis 
of a system’s DI. However, it was limited to the analysis of equilibrium 
points, and it could not deal with periodic solutions. This limitation was 
strictly related to the definition of the BoA based on the headpoints of 
the initial functions, which prevented the analysis of the full trajectory 
for the LIM estimation. In practice, a similar framework makes the 
analysis of periodic solutions extremely long and impractical.

In this study, we overcome this limitation by discretizing time to 
obtain a finite-dimensional representation, allowing BoAs (and LIMs) 
of both equilibria and limit cycles to be defined and estimated as in 
non-delayed systems. Accordingly, whole trajectories are used for the 
LIM estimation, and not only their headpoints, greatly accelerating 
computations for periodic orbits. The algorithm is then validated on 
two case studies – a van der Pol-Duffing oscillator and an inverted pen-
dulum with an attached nonlinear tuned vibration absorber subjected 
to delayed control – which prove its effectiveness for the parametric 
analysis of a system’s LIM.

The rest of the paper is organized as follows. In Section 2, the 
proposed algorithm is described in details. Section 3 presents the 
two case studies. In Section 4, pros and cons of the algorithm are 
discussed. Finally, Section 5 contains concluding remarks and future 
developments.
2 
2. Algorithm

2.1. Overview

The proposed algorithm, building upon the developments presented 
in [44,45,60], operates by simulating multiple trajectories of the time-
delay system under study. For each trajectory that does not converge 
to the desired solution, the LIM is computed as the minimum distance 
between the desired solution and the non-converging trajectory. This 
approach provides an overestimate of the LIM, which is iteratively 
reduced as additional non-converging trajectories are identified.

Since time-delay systems have an infinite-dimensional state-space 
representation, time discretization is used to limit its dimension to a 
finite number. We note that this time-discretization does not affect the 
accuracy of the trajectory, as discussed below.

The trajectories are categorized as either converging or non-
converging, depending on their asymptotic behavior with respect to the 
investigated steady state solution. In order to speed up the algorithm, 
each time integration is interrupted when the related trajectory gets 
close enough to an already categorized one, assigning to the former the 
same convergence classification of the latter. The iterative procedure is 
continued until a stopping criterion is met; in this paper, a prescribed 
iteration number is imposed.

As discussed in the introduction, the algorithm is applicable to fixed 
points and periodic orbit types of solutions. The following subsections 
provide further details on the key components of the algorithm.

2.2. Trajectory simulation

Consider a dynamical system in the form of the first order DDE 
𝐱̇(𝑡) = 𝐀0𝐱(𝑡) + 𝐀𝜏𝐱(𝑡 − 𝜏) + 𝐠(𝐱(𝑡), 𝐱(𝑡 − 𝜏)) , (1)

where 𝐱 ∈ R𝑛 is an 𝑛 dimensional vector of state variables, 𝐀0 ∈ R𝑛×𝑛

and 𝐀𝜏 ∈ R𝑛×𝑛 are the coefficient matrices of the non-delayed and 
delayed states, respectively, 𝐠 ∶ R𝑛 × R𝑛 → R𝑛 is the vector of nonlinear 
terms and 𝜏 ∈ R refers to the time delay in the system.

At every time instance, the state of a trajectory is a function of 
time in the interval [𝑡 − 𝜏, 𝑡], so the system has an infinite dimensional 
state-space representation.

Since nonlinear delay differential equations do not have closed-form 
algebraic solutions, a numerical integration scheme and an appropriate 
time discretization are required to obtain the corresponding trajectories 
(see Fig.  1). The time integration of the solution is performed using the 
fourth-order Runge–Kutta (RK4) method, which ensures accuracy if the 
time steps are kept small enough.

2.3. State discretization

The trajectory simulation is carried out with tiny time steps, mean-
ing that the theoretically infinite-dimensional state of a solution is 
still represented as a high-dimensional vector. Accurately estimating a 
solution’s DI in this large-dimensional state-space is practically infeasi-
ble; therefore, a less dense time-discretization is required for the LIM 
calculation and trajectory comparison (see Fig.  1).

Let this coarse mesh consist of 𝑁 equally distributed sampling 
points within a time interval of length 𝜏, resulting in a time step of 
𝜏∕(𝑁 − 1). This implies that the discretized state for comparison is 
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Fig. 1. Visualization of the two discretization levels for 𝑁 = 3, 𝑘 = 3. The 
red curve refers to the exact state of the system. The fine mesh, including 
both the light and dark blue cells, refers to the discretized state for time 
integration, while the coarse mesh of the dark blue cells is the discretized 
state for trajectory comparison. (For interpretation of the references to color 
in this figure legend, the reader is referred to the web version of this article.)

Note that it contains the state of the system at both ends of the 𝜏 long 
time interval.

In this discretized state-space, the distance between two generic 
points A and B is defined as 

𝑑AB =

√

√

√

√

𝑛𝑁
∑

𝑖=1
𝛼𝑖(𝑦𝑖A − 𝑦𝑖B)2 , (3)

where 𝑦𝑖A and 𝑦𝑖B are the 𝑖th coordinates of the two points and 𝛼𝑖 is 
the corresponding weight. The weights can be selected based on the 
relevance of the different coordinates of the engineering system, as 
discussed in [44,60].

For the sake of simplicity, the mesh for the discretized state has 
𝑘-times larger time steps than the fine temporal discretization for time 
integration, that is, the state for time integration consist of 𝑘(𝑁 − 1) + 1
sampling points, with 𝑘 and 𝑁 integer numbers (see Fig.  1).

Fig.  2 presents the state discretization for 𝑁 = 3. As it can be seen, 
while in the original system the initial condition is a function of time, 
it becomes a point in the discretized 𝑛𝑁 = 6 dimensional space (𝑛 = 2
in this example).

2.4. BoA and LIM definition

Let us first define the BoA of a steady state solution in the infinite-
dimensional state-space of the original DDE, then reformulate it to the 
discretized problem.

A state in the state-space belongs to the basin of attraction of a fixed 
point (limit cycle), if a trajectory, initiated from that state, converges to 
the fixed point (limit cycle). This definition, although mathematically 
rigorous, has two practical problems. First, according to it, the BoA 
is infinite-dimensional as the state-space, leading to obvious computa-
tional challenges. Additionally, large regions of the BoA correspond to 
physically unrealistic states of the system (for example, a non-smooth 
function that has jumps almost everywhere).

The first issue is solved by the time discretization, which reduces 
the state-space to a finite dimension. In the discrete case, a finite-
dimensional vector represents the state of the system at a given time 
instance (see Fig.  1, and 2). The BoA is defined in this finite state-
space as for a non-delay system, since it is assumed that each point 
identifies a specific unique state. Although this is not true, as each 
point of the discrete state-space corresponds to infinitely many physical 
states, this simplification did not lead to problems during the testing of 
the algorithm because those physical states have similar convergence 
properties in the vast majority of cases.

Despite its finite dimension, large part of the discrete space state 
mostly corresponds to physically irrelevant states, as it was the case for 
the original state-space as well. This problem is solved by constraining 
the type of possible initial conditions [60]. Here, we propose to use 
jump-type initial conditions, where the system is in equilibrium in the 
3 
interval 𝑡 ∈ [−𝜏, 0), either on a fixed point or along a periodic solution, 
while at 𝑡 = 0, an impulse-like perturbation occurs and the state jumps 
to a certain value 𝐱0. This type of initial condition leads to a special 
type of integro-differential equations [61]. Notably, the algorithm also 
works with different types of constrained initial conditions.

We note that in the algorithm proposed in [60] (where the state-
space was not discretized), the BoA was only defined based on the 
headpoints of the initial conditions. Although that algorithm works 
properly, this restriction significantly slows down the procedure, es-
pecially in the case of limit cycles, because for each trajectory only 
a single point can be used for the LIM estimation. Conversely, in the 
discretized state-space, all points of a trajectory contribute to define the 
BoA and estimate the LIM. This aspect is crucial for rapidly assessing 
the DI of a periodic solution, as discussed in Section 2.7.

In this paper, we describe the DI of a steady state solution with 
the LIM, which is defined as the minimal distance between a solution 
and its BoA boundary. Clearly, different BoA definitions lead to slightly 
different LIM values. However, usually, the qualitative trend of the 
LIM for parameter variations is almost unaffected by changes in the 
definition of the BoA.

In Fig.  2a, the light green domain marks the hypersphere of con-
vergence of a fixed point, i.e. the hypersphere defining the LIM. In 
Fig.  2b, the light green area defines the hypertorus of convergence 
of the limit cycle, i.e. the hypertorus generated by translating the 
hypersphere of convergence along the periodic orbit. As it will be 
discussed later, the algorithm gives an upper estimate of the LIM based 
on the minimal distance between the investigated solution – either a 
fixed point or a limit cycle – and the non-converging trajectories. Note 
that, in Fig.  2a, the initial condition is not of jump type to better express 
its infinite-dimensional nature.

2.5. Trajectory categorization

In this section, we present the trajectory categorization applied in 
the proposed algorithm. We apply the same concept as utilized in the 
earlier methods of the DynIn toolbox [44,45,60]; however, some slight 
modifications are required to address the current case of time-delay 
systems. First, we focus on the DI of stable fixed points, which will be 
later generalized to the case of stable limit cycles.

The algorithm requires to set state-space boundaries, within which 
the LIM is estimated. This can be related to physically relevant safe 
configurations of the engineering system, outside of which the system 
may be damaged. Alternatively, it may refer to the boundaries beyond 
which the implemented equations of motion become inaccurate.

We also apply a spatial discretization, that is, the discrete state-
space is divided into a finite number of (multidimensional) cells. Note 
that the initial condition of the trajectories and their time integration 
are independent of the cell structure.

Each numerical integration is continued until the related trajec-
tory converges to a steady state solution, leaves the pre-described 
space boundary, or the number of integration steps reaches a maximal 
value. Then, the trajectory is categorized as either converging or non-
converging, and all the cells containing points of the trajectory are also 
classified according to the trajectory’s convergence property. During 
the integration of each trajectory, it is continuously monitored whether 
it enters a cell that was previously classified. If it occurs, the numerical 
integration stops and the new trajectory is classified according to the 
category of the entered cell.

When searching for the LIM of a desired fixed point, four types of 
trajectories are distinguished:

• Converging to the desired fixed point. The cell containing the desired 
fixed point is automatically classified as convergent (dark green 
cells in Fig.  3). If a new trajectory enters this cell, the integration 
is stopped and the trajectory is classified as convergent (see 
trajectories #1 and #2 in Fig.  3a and Fig.  3b). If the system is 
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Fig. 2. Estimation of the LIM in the discretized space for 𝑁 = 3 and 𝑛 = 2. Panels (a) and (b) refer to the LIM of a fixed point and of a limit cycle, respectively. 
In each panel, the left figure depicts the steady state solution (dark green), a non-converging trajectory (blue curves), and its initial condition (orange curves) in 
the space of the original coordinates, where the state of the system is a function of time. The right figures present the same objects in the discretized state-space, 
in which the LIM calculation and the trajectory comparison are carried out. The state of the system is reduced to a single point in this space; thus, fixed points 
are represented as distinct points, while periodic orbits are reduced to a set of time-independent points. The smallest distance between the steady state solution 
and the diverging trajectory provides the current (upper) estimation of the LIM. (For interpretation of the references to color in this figure legend, the reader is 
referred to the web version of this article.)
Fig. 3. Trajectory categorization using the supplementary cell structure of the discretized state-space (each cell has 𝑛𝑁 dimensions, cf. Fig.  2). The cells converging 
to the desired equilibrium are presented with green colors, the cells leading to an undesired steady state are yellow, while those cells which yield trajectories 
exiting the predefined space-boundary are purple. The dark green cells contain the desired fixed point. The red cells in panel (b) refer to a limit cycle identified 
by the algorithm. Blue dots indicate the termination of time integration due to entry into a previously categorized cell (trajectory #6) or multiple re-entry into 
the same cell, indicating a limit cycle (trajectory #5). (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
slightly damped, the trajectory may oscillate around the fixed 
point for a long time without entering the cell. To solve this 
problem, the user may choose to classify not only the cell of the 
fixed point but also the neighboring cells as convergent.

• If the trajectory exits the predefined space boundary, as trajectory 
#3 in Fig.  3a, then, it is classified as divergent. Note that if the 
time integration were continued, the trajectory might re-enter 
the state-space of interest. However, considering the trajectory as 
undesirable is a relevant decision from an engineering point of 
view if the boundary also corresponds to a physical constraint of 
the system, as discussed above.

• Converging to another fixed point. If a trajectory remains in the 
same unclassified cell for several time steps, the algorithm as-
sumes that it reached a fixed point, previously unknown. Conse-
quently, the trajectory is classified as ‘‘non-convergent’’ from the 
point of view of the desired fixed point. See trajectory #4 in Fig. 
3a.

• The fourth option is the case of a stable limit cycle. If a trajec-
tory passes through the same cell several non-consecutive times, 
i.e., the trajectory also passes through other cells, then the in-
tegration is stopped and the solution is classified as converging 
to a stable limit cycle. A schematic representation of this case 
is provided by trajectory #5 in Fig.  3b. Here, the integration is 
interrupted when the trajectory enters the same cell for the third 
time (indicated by the blue dot). Of course, a slowly decaying 
oscillatory trajectory may be misclassified as converging to a 
4 
limit cycle. In this case, the required number of cell re-entries 
could be increased. However, this increases the length of the 
trajectory and ultimately represents a trade-off between accuracy 
and computational time. Note that this issue is also present in 
similar algorithms, such as the cell-mapping method [62].

In Fig.  3b, trajectory #6 converges to a cell previously tracked by 
#2. In such cases, we assume that the two solutions will converge 
to the same state; thus, the new trajectory receives the same classi-
fication as the previously categorized one. This significantly speeds 
up the algorithm, since, as the iteration number increases, more and 
more cells are already classified, and the average length of the new 
trajectories decreases. In addition, even trajectories with very different 
initial conditions tend to get closer to each other, while organizing 
along invariant manifolds [63,64]. This increases the probability of 
reaching already tracked cells.

Finally, if a trajectory is not categorized in the prescribed number 
of steps, it is considered as non-convergent. This is a conservative de-
cision, which also reflects the engineering perspective that excessively 
long transients should be avoided. Besides, this approach enables the 
classification of trajectories that reach quasi-periodic or chaotic attrac-
tors as non-convergent. Note that these types of solutions are otherwise 
difficult to be classified automatically. In addition, the algorithm gives 
the possibility to remove this automatic classification, allowing the user 
to manually define the convergence properties of otherwise unclassified 
trajectories.
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Fig. 4. Calculation of the LIM for limit cycles. The smallest distance between the divergent trajectory and the limit cycle yields the estimated LIM. Then, the 
next initial condition is constructed in a way, that its headpoint is determined by the closest point od the divergent trajectory, while the history of the initial 
condition lies on the limit cycle.
It should be mentioned that, because of the infinite dimensional na-
ture of time-delay systems, the trajectories may cross each other in the 
discretized state-space, potentially leading to wrong results. Increasing 
the dimension of the discretized space reduces the probability of inter-
sections. However, this also slows down the algorithm since it reduces 
the probability of convergence of a trajectory to already investigated 
cells. Therefore, the optimal dimension of the discretized space is a 
compromise between accuracy and computational time. In some sense, 
the choice of the discretized time step is analogous to the sampling time 
for frequency analysis as governed by the Nyquist-Shannon theorem.

2.6. Selection of new initial conditions

To obtain an efficient iteration, the appropriate selection of initial 
conditions is a critical aspect. The algorithm aims to identify non-
converging trajectories, which lie as close as possible to the BoA of 
the desired solution, or, better, to the true hypersphere of convergence, 
because they provide the best LIM estimation. This is obtained by esti-
mating the closest state-space region to the desired solution, which is 
external to its BoA, and by initiating trajectories from the vicinity of the 
BoA’s boundary, as these trajectories tend to move along the boundary 
for a while before leaving it, thus providing significant information 
about the steady state’s DI. This is obtained through a sort of bisection 
method, as detailed below.

As mentioned above, jump-type initial conditions are considered, 
that is, the history of the initial condition is restricted to the desired 
solution (for 𝑡 ∈ [−𝜏, 0)), while the headpoint at 𝑡 = 0 is located freely 
in the 𝑛-dimensional space of the state variables.

If the desired solution is a fixed point, then the histories of the initial 
conditions are always the same and the headpoint uniquely determines 
the new trajectory. In contrast, in the case of limit cycles, the initial 
condition history can also be shifted along the limit cycle yielding 
an additional free parameter during the selection of the new initial 
condition. In this subsection, we focus on the fixed point case (see 
Section 2.7 for the case of limit cycles).

The algorithm first calculates the smallest distance between the 
desired solution and any of the space boundaries. This will serve as 
a first (upper) estimate of the LIM and the corresponding estimated 
hypersphere of convergence. Then, the first few initial condition head-
points are selected randomly until a non-convergent trajectory is found. 
If that is the case, the algorithm looks for that point of the non-
convergent trajectory, which is closest to the desired fixed point; the 
corresponding distance will be the next estimate of the LIM. Note that 
this distance calculation is done in the discretized state-space.

Then, the closest state’s headpoint is extracted, and it is utilized as 
the next initial condition headpoint, while the corresponding history 
is reset to the desired solution. Since the history is changed, the new 
trajectory is not the same as the previous one; however, they can be 
expected to behave similarly, so the new trajectory is a good candidate 
5 
for a non-converging trajectory. If this is the case, the LIM is reduced 
further, because setting the initial condition’s history to the fixed 
point moved the corresponding discretized state inside the previously 
estimated hypersphere of convergence.

Then, a bisection method is applied between the initial condition 
headpoint and the fixed point, in order to start a trajectory from the 
vicinity of the BoA boundary. After a fixed number of iteration steps, 
we select again random initial conditions to explore other regions of 
the state-space. In the meantime, it is continuously monitored where 
the closest point of the trajectory is located. If it is not at the initial 
condition, the new initial condition will be determined by that.

Random initial conditions are chosen in the vicinity of the hyper-
sphere of convergence, where there is more probability of having initial 
conditions leading to non-converging trajectories, but still close to the 
BoA boundary.

2.7. Estimation of the LIM of limit cycles

The LIM of limit cycles in time delay-systems is estimated in a 
similar manner as in the fixed point case. The algorithm automatically 
identifies the limit cycle starting from a user-defined initial condi-
tion, exploiting the same procedure discussed in [45], i.e., through 
a Poincaré map and measuring the distance of subsequent crossing 
points. The exact limit cycle can also be directly provided by the user.

In the discretized state-space, the limit cycle is then reduced to a 
finite number of points, each of them belonging to a specific cell. Note 
that several points may belong to the same cell. During preprocessing, 
the algorithm classifies these cells as convergent. The iteration then 
begins: a new trajectory is considered convergent if it converges to any 
of the already classified convergent cells; otherwise, it is classified as 
non-convergent, as for the fixed point case.

The LIM is defined as the minimal distance between the limit 
cycle and any boundary of its BoA (in the discretized space), which is 
approximated by the minimal distance between the limit cycle and non-
converging trajectories. Also in this case, jump-type initial conditions 
are used, where the history of the initial function lies on the limit cycle, 
while the initial condition’s headpoint is located in another point in the 
state-space. This implies that the initial point in the discretized space 
is not on the limit cycle (see Fig.  2b). In order to uniformly explore the 
BoA, the iterative procedure is carried out for various initial conditions 
shifted along the limit cycle.

The selection of the new initial conditions is similar to the fixed 
points case. First, a random point of the limit cycle is selected; then, 
keeping the corresponding history, the headpoint is selected randomly 
from the 𝑛-dimensional state-space (see IC #1 in Fig.  4). If the cor-
responding trajectory is convergent, then new random headpoints are 
selected until a divergent trajectory is found. Then, the algorithm looks 
for the smallest distance between the trajectory and the limit cycle 
(see the pink point in the right panel of Fig.  4). This provides the new 
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Table 1
Parameters of the algorithm used in the case studies. The two-level trajectory discretization is determined by the state-space 
discretization number 𝑁 , and the time step ratio 𝑘 (cf. Eq. (2) and Fig.  1). Furthermore, 𝛼 denotes the vector of weights (cf. (3)). 
During preprocessing, one must also specify the number of iteration steps, the predefined space boundary, the spatial discretization 
number used for the cell structure, and the maximum allowed elapsed time, after which the time integration stops and the 
simulation is considered non-convergent. The expressions 1D and 2D refer to the one- and two-dimensional parameter analyses, 
respectively. Namely, the analysis of the inverted pendulum problem, when only the proportional gain 𝑝 was varied and when 
the parameter sweeping was carried out in the plane of the proportional and derivative gains 𝑝 and 𝑑.
 𝑁 𝑘 𝛼 number 

of steps
spaceboundary discr. 

number
𝑡f inal  

 van der Pol -
Duffing 

fixed point 3 20 [100,1] 100 [-10,−100,10,100] 501 5000 
 limit cycle 3 100 [100,1] 100 [-20,−300,20,300] 501 5000 
 
inverted
pendulum 

fixed point 1D 3 10 [1,1,1,1] 400 [-50,−50,50,50] 501 1000 
 fixed point 2D 3 10 [1,1,1,1] 100 [-50,−50,50,50] 501 1000 
 limit cycle 1D 3 20 [1,1,1,1] 400 [-50,−50,50,50] 501 1000 
 limit cycle 2D 3 20 [1,1,1,1] 100 [-50,−50,50,50] 501 1000 
estimate of the LIM and also forms the basis for the selection of the 
next initial condition.

If it is the first point of the trajectory, then a bisection method starts 
between the limit cycle and the original initial condition. However, 
if the closest point is somewhere else, then, that will determine the 
headpoint of the new initial condition, while the tail of the initial 
condition is projected to the limit cycle in the following way: The 
closest point of the limit cycle to the non-converging trajectory is 
identified; from this point, the algorithm reconstructs the history of 
the initial condition along the limit cycle in the original state-space. 
The corresponding new initial condition IC #2 is presented in blue in 
Fig.  4. This will be the next candidate for a new bisection method. Note 
that this new initial condition (blue) is different from the closest point 
(pink) of the divergent trajectory.

If the number of iteration steps in a given bisection method reaches 
a prescribed limit, a new initial condition is selected randomly: both 
its phase along the limit cycle and the corresponding headpoint are 
randomly chosen.

This procedure yields a rapid and reasonably accurate estimate of 
the hypertorus of convergence around the stable limit cycle.

2.8. Practical considerations for parameter tuning

After introducing the algorithm, let us briefly discuss the suggested 
range of the main parameters and the corresponding tuning procedure.

In general, the state-space discretization number 𝑁 should be small, 
between 3 and 5, otherwise the 𝑛𝑁 dimensional space for trajectory 
comparison and the corresponding cell structure becomes too large 
slowing down the algorithm. Larger 𝑁 values help avoiding misclas-
sifications of trajectories; however, in the case of parametric studies, 
such misclassifications are easily identified during post-processing as 
an anomaly of the LIM trend. The time step ratio 𝑘 plays a role similar 
to the tolerance of the ode45 solver of MATLAB, i.e., it defines the 
accuracy of the time integration. In the case studies considered below, 
it was selected between 10 and 100, and this range proved effective for 
other cases not discussed here. However, in the case of large time delays 
with respect to the system dynamics, or for very stiff problems, larger 
𝑘 values might be appropriate. Finally, the spatial partition density of 
the cells influences the trajectory comparison, the suggested range of 
the corresponding discretization number is between 50 (for rapid rough 
estimations) to 1000. A larger number of cells increases the accuracy 
of the estimation at the price of a higher computational cost. We note 
that, in the case of systems slowly converging to a stable focus, transient 
trajectories might be erroneously interpreted as periodic orbits; this 
problem is mitigated by increasing the number of cells, or adjusting 
the parameters for periodic solution identification, as better detailed 
in [44]. For further details we refer to the discussion in Section 4.

In the following, we provide practical indications for tuning the 
parameters in a typical scenario. After setting an initial value of the 
parameters (even adopting the default parameter values in the toolbox), 
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it is worth running a few time simulations, and look for the smallest 
acceptable value of 𝑘 for which the trajectories are accurate enough. 
Then, the algorithm can be applied to perform a LIM estimation for the 
selected stable steady state solution. During the first runs, it is suggested 
to plot the obtained trajectories at each iteration step (trajectory plot-
ting is usually opted out for reducing computational time). This helps 
to check whether there is an issue with the settings. If the trajectory 
convergence seems to be wrong, that is, the algorithm cannot find a 
fixed point or limit cycle, while it is expected to exist, then first it is 
suggested to increase the spatial partition density. This helps in most 
of the time. Additionally, if the dynamics of the system is fast with 
respect to the time delay, the trajectories might cross each other in the 
discretized space. This issue is solved by increasing the value of 𝑁 .

3. Case studies

The algorithm was successfully tested on various models. Here we 
discuss the analysis of a 1 degree of freedom (DoF) and a 2 DoF 
dynamical system; namely, the delayed van der Pol-Duffing oscillator 
and the case of an inverted pendulum with an attached nonlinear tuned 
vibration absorber subjected to delayed proportional-derivative (PD) 
control.

3.1. Van der Pol-Duffing oscillator

First, let us consider the van der Pol-Duffing oscillator subjected to 
derivative control with constant time delay 𝜏: 
𝑥̈(𝑡) + 𝜇(𝑥2(𝑡) − 1)𝑥̇(𝑡) + 𝑥(𝑡) + 𝛼𝑥3(𝑡) = −𝑑𝑥̇(𝑡 − 𝜏) , (4)

where 𝑑 denotes the derivative gain, while 𝜇 and 𝛼 are the nonlinear 
damping and nonlinear stiffness coefficients, respectively. Note that 
for the sake of simplicity, the parameters and variables are considered 
dimensionless.

First, we study the stability of the trivial solution. The characteristic 
equation corresponding to the linearized dynamics assumes the form 
𝜆2 − 𝜇𝜆 + 1 + 𝑑𝜆e−𝜆𝜏 = 0 . (5)

According to the D-subdivision method [56], the static (saddle–node 
bifurcation) and the dynamic (Hopf bifurcation) stability boundaries of 
the system can be obtained by substituting 𝜆 = 0 and 𝜆 = i𝜔 with 𝜔 > 0
into the characteristic Eq. (5). The former one is never satisfied, thus, 
no saddle–node bifurcations occur in this system. The latter one leads 
to the complex equation 
−𝜔2 − i𝜔𝜇 + 1 + i𝜔𝑑(cos(𝜔𝜏) − i sin(𝜔𝜏)) = 0 . (6)

Separating the real and imaginary parts results
−𝜔2 + 1 + 𝜔𝑑 sin(𝜔𝜏) = 0 , (7)

−𝜔𝜇 + 𝜔𝑑 cos(𝜔𝜏) = 0 , (8)
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Fig. 5. Nonlinear analysis of the van der Pol-Duffing oscillator with delayed derivative control. In panel (a), the linearly stable domain of the (𝜇, 𝑑) plane is 
colored according to the LIM of the zero equilibrium. Panel (b) is colored according to the LIM of the stable limit cycle in the region of its existence. Panel (c) 
depicts the 3-dimensional bifurcation diagram obtained with the continuation-based MATLAB package DDE-BIFTOOL. In the green and yellow regions, the fixed 
point is locally and globally stable, respectively. In the red domain, the fixed point is unstable, while the magenta region corresponds to parameter combinations 
with no stable attractor. The solid green and dashed red lines represent unstable and stable limit cycles, respectively; finally, the blue curve denotes the fold of 
the limit cycles. Panel (d) shows the result of a brute-force basin of attraction estimation. The blue dashed circle is the 2-dimensional section of the hypersphere 
of convergence estimated with the proposed algorithm. (For interpretation of the references to color in this figure legend, the reader is referred to the web version 
of this article.)
which yields the Hopf bifurcation boundary in the (𝜇, 𝑑) plane
parametrized with 𝜔

𝑑 = 𝜔2 − 1
𝜔 sin(𝜔𝜏)

, (9)

𝜇 = 𝜔2 − 1
𝜔

cot(𝜔𝜏) . (10)

These generate the stability chart reproduced in Fig.  5a for 𝜏 = 0.1
and 𝛼 = 60 (the colored area marks the stable region). Neglecting the 
time delay, the damping coefficient of the system sums up to (𝑑 − 𝜇)
(cf. Eq. (4)). This explains that for small values of 𝜔, the stability 
boundary is approximately the 𝑑 = 𝜇 identity line and the system is 
stable above that. Then, for larger values of 𝜔, the effect of time delay 
becomes relevant and therefore there is an upper limit for the value 
of the differential gain 𝑑. This results in the triangular-shaped stable 
domain.

The stable domain is colored according to the LIM of the trivial 
solution. For the LIM estimation, we set the algorithm parameters to 
those presented in Table  1. In most cases, the LIM is small close to 
the stability boundary, and it increases as the parameters are shifted 
towards the center of the stable domain. The bifurcations occurring at 
the corresponding stability boundaries are subcritical, that is, unstable 
limit cycles emerge from the boundary curve, which limit the BoA of 
the stable equilibrium (see also Fig.  5c). However, we note a portion of 
the stable domain where the LIM value reaches its maximum, marked 
in yellow in Fig.  5a, around 𝜇 = 2 and 𝑑 = 3. In this area the trivial 
solution is globally stable, as highlighted by the bifurcation diagrams 
in Fig.  5c. The Hopf bifurcations that occur around this region at the 
stability loss are supercritical. Finally, the DI of the equilibrium point 
is lower at the top and right sides of the stable area, that is, for large 
values of the derivative gain 𝑑 and/or the nonlinear damping 𝜇.
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Overall, the results showed that the BoA of the fixed point is almost 
everywhere bounded. Furthermore, the algorithm revealed that the 
non-convergent trajectories tend towards a stable limit cycle. There-
fore, we computed the LIM of this stable limit cycle, and Fig.  5b is 
colored accordingly.

For the computation, the algorithm first has to identify the stable 
limit cycle. Thus, the numerical integration has to be initialized within 
the BoA of the stable limit cycle, preferably as close as possible to 
the steady state solution to reduce computational time. Here, the 
computation was performed for gradually decreasing values of the 
nonlinear damping 𝜇, so that for each new 𝜇 value, the computation 
was initialized with the stable limit cycle obtained from the previous 
parameter setting as an initial guess.

As can be seen, the stable limit cycle exists for 𝜇 ⪆ 0 except for the 
domain where the equilibrium is globally stable. Moreover, the limit 
cycle is globally attractive where the trivial fixed point is unstable, 
except for the zero measure set of the fixed point. The amplitude of 
the limit cycle increases as 𝜇 decreases (see Fig.  5c); therefore, on the 
left side of the figure, the LIM is not limited by the BoA of the fixed 
point, but by the predefined state space boundary. At a certain point, 
even the limit cycle exceeds these boundaries; this is the reason why 
the LIM shrinks to zero as 𝜇 tends to 0.

Note that, for larger values of 𝑑 but still within the stable domain, 
the basin of attraction of the fixed point is small. This sometimes 
makes the algorithm, while estimating the LIM of the limit cycle, fail 
to find any initial condition whose trajectory converges to the fixed 
point rather than to the stable limit cycle. Here, we should emphasize 
again that for the estimation of the LIM of a stable limit cycle, the 
initial condition of a new trajectory is on the limit cycle and only its 
headpoint is located elsewhere. Therefore, the solution converges to the 
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Fig. 6. Nonlinear analysis of the van der Pol-Duffing oscillator with delayed derivative control. Panels (a) and (b) are colored according to the LIM of the stable 
fixed point and of the stable limit cycle, respectively. Panels (c) and (d) show continuation-based bifurcation diagrams for various values of the nonlinear stiffness 
𝛼 selecting the nonlinear damping μ as the bifurcation parameter. Panel (e) depicts trajectories from slightly different initial conditions for 𝛼 = 65 and 𝜇 = 3.5, 
while panel (f) presents trajectories for 𝛼 = 65 and various values of μ. (For interpretation of the references to color in this figure legend, the reader is referred 
to the web version of this article.)
origin with low probability. In these situations, it is worth providing 
the algorithm the discrete state of the stable equilibrium, since it is a 
known point of the state-space that is definitely outside of the BoA of 
the stable limit cycle. So, it limits the LIM.

Fig.  5c presents a bifurcation diagram above the (𝜇, 𝑑) space ob-
tained with the help of the continuation-based MATLAB package called
DDE-BIFTOOL [65]. The stable and unstable branches of the limit 
cycles are presented by dashed red and solid green curves, respectively. 
The toolbox is also able to follow fold bifurcations; the corresponding 
curve is depicted in blue. The figure also shows the linear stability 
boundary, and the projection of the fold bifurcation curve onto the 
(𝜇, 𝑑) plane. According to the obtained bifurcation diagrams, the equi-
librium is globally stable in the yellow region and locally stable in the 
green domain, while it is unstable in the red area. Finally, the magenta 
color indicates parameter combinations for which the system has no 
stable attractor.

This figure confirms the results shown in Fig.  5a and Fig.  5b: as 
the derivative gain 𝑑 increases, the amplitude of the stable limit cycle 
increases as well, while that of the unstable limit cycle decreases. 
This suggests a decreasing trend in the LIM of the fixed point and an 
increasing trend in the LIM of the stable limit cycle. It also shows that, 
as 𝜇 is decreased, the amplitude of the stable limit cycle increases, 
which explains the empty domain on the left side of Fig.  5b as discussed 
above. In addition, the globally stable domain is obtained for the same 
parameters as in Fig.  5a and Fig.  5b. As shown in Fig.  5b, the LIM 
of the limit cycle is low near the fold bifurcation, since even a small 
perturbation can push the trajectory below the unstable limit cycle, 
causing it to settle into the stable fixed point.

Note that the combination of parameters 𝑑 = 0, 𝜇 = 0, is located on 
the dynamic stability boundary (see Eqs. (9), (10)); in this case, the 
system reduces to an undamped Duffing oscillator, that is, the trivial 
fixed point is a center. This is indicated by the gray vertical line in Fig. 
5c. This represents a critical point for the Hopf bifurcation curve, the 
so-called Bautin point, where the criticality of the bifurcation changes. 
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Another Bautin point is located at 𝑑 ≈ 1 where the amplitude of the blue 
fold bifurcation curve tends to zero. The Hopf bifurcation is subcritical 
for 𝑑 < 0, then it is supercritical for 0 < 𝑑 ≲ 1; finally, it is again 
subcritical for 𝑑 ≳ 1.

Fixing the derivative gain 𝑑, there always exists a branch of stable or 
unstable limit cycles, emerging from the linear stability boundary. This 
is easy to obtain with numerical continuation. However, in addition, 
for the same value of 𝑑, there also exists an isolated branch. The 
presence of these isolas is easy to predict from the LIM of the fixed 
point (Fig.  5a), whereas they are quite difficult to find with numerical 
continuation.

Fig.  5d shows the brute-force estimation of the BoA of the fixed 
point (green dot) for 𝜇 = 4 and 𝑑 = 6. The initial conditions were 
restricted to the same jump type as in the proposed algorithm: the 
IC history lay on the fixed point, while the IC headpoint was chosen 
elsewhere in the (𝑥, 𝑥̇)-plane. Time integration was performed with
MATLAB’s built-in solver dde23, with simulations terminated at a fixed 
horizon of 𝑡max = 20. Each trajectory was then classified according to 
whether it converged to the fixed point or to the stable limit cycle. Note 
that if 𝑡max time was not enough for classification, then the trajectory 
integration was continued and the termination time was extended to 
𝑡max,new = 𝑡max,old + 20.

These simulations were carried out on a 101 × 101 grid of IC 
headpoints. The gray domain represents IC headpoints of trajectories 
converging to the fixed point, while ICs from the white domain con-
verged to the stable limit cycle. The blue dashed circle represents a 
two-dimensional section of the hypersphere of convergence obtained 
from the proposed algorithm. Note that the hypersphere of convergence 
is defined in the 6 dimensional discrete state-space (cf. Fig.  2). As it 
can be seen, the circle slightly exceeds the true BoA; this is because the 
algorithm slightly overestimates the true LIM. Nevertheless, the error 
is considered acceptable, as it does not qualitatively modify the trend 
of the LIM in the parameter space.

In order to fully understand the advantage provided by the proposed 
algorithm, it is relevant evaluating its rapidity with respect to a brute 
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force approach. Computing the brute-force BoA on the 101 × 101 grid 
required approximately 15 min. Reconstructing Fig.  5a in this way 
(which consists of 4590 nonzero LIM values) would require about 1.5 
months. In contrast, the proposed method generated the figure in just 
5 h and 10 min. Moreover, this is also roughly three times as fast as the 
algorithm defined in [60], which required 15 h to generate the same 
figure.

In the following, we fix the differential gain to an arbitrary value of 
𝑑 = 4, and we study the dynamical integrity of the existing steady state 
solutions in the (𝜇, 𝛼) space. For 𝑑 = 4 and 𝜏 = 0.1, the Hopf bifurcation 
occurs at 𝜇cr ≈ 3.967 and so the zero equilibrium of the linearized 
system is stable for 𝜇 < 𝜇cr . As we have already observed in Fig.  5c, the 
Hopf bifurcation is subcritical, and for some parameter combinations, 
the system shows bistable behavior.

The estimated LIM of the trivial solution and the stable limit cycle 
in the 2-dimensional parameter space (𝜇, 𝛼) are presented in Fig.  6a 
and Fig.  6b, respectively.

As expected, the LIM of the fixed point is small in the vicinity of 
the stability boundary at 𝜇 = 𝜇cr , and it increases as 𝜇 decreases (see 
Fig.  6a). On the other hand, for 𝜇 > 𝜇cr , the fixed point is unstable and 
the limit cycle is globally attractive; this leads to the high values of the 
LIM in the corresponding region of Fig.  6b.

Both figures exhibit a characteristic gate-shaped region with re-
markably different LIM values. In this region, the LIM of the fixed point 
is high (see Fig.  6a), while the algorithm could not found any limit 
cycle, thus, the LIM in Fig.  6b is undefined. This suggests that the fixed 
point is globally stable. To investigate it in more detail, we used DDE-
BIFTOOL to obtain the bifurcation curves in the (𝜇, 𝛼) parameter space 
(see Fig.  6c and Fig.  6d). Note that a similar structure is present in the 
(𝜇, 𝑑) plane at the upper boundary of the yellow, globally attractive 
domain of the fixed point (see Fig.  5c).

As also obtained in Fig.  5, in Fig.  6b, the LIM of the limit cycle is 
small near the fold bifurcation, because even a small perturbation is 
enough to push the solution below the unstable limit cycle, making the 
system leave its BoA.

Fixing 𝛼 = 65 and 𝜇 = 3.5, Fig.  6e presents the response of the system 
for two slightly different initial conditions. The initial functions were 
zero except for their headpoint at 𝑡 = 0, which was set to 𝑥0 = 1.05 and 
𝑥0 = 1.00. As it can be observed, the oscillation amplitudes decay for 
the smaller amplitude initial condition, and the trajectory converges to 
the fixed point, while in case of the larger amplitude initial condition, 
the oscillation amplitude increases and the trajectory converges to the 
stable limit cycle. This confirms the presence of the unstable limit cycle.

Finally, Fig.  6f shows the response of the system fixing the initial 
function but changing the nonlinear damping parameter 𝜇 (for 𝛼 = 65). 
In the cases of 𝜇 = 1.5 and 3.5, the trajectory tends to the corresponding 
stable limit cycles with larger and smaller amplitudes, respectively. 
However, when the nonlinear damping value is 𝜇 = 2.5, which is just 
between the two values discussed above, then, the trajectory tends 
to the origin after an initial transient. The amplitudes of these time-
domain simulations are consistent with and confirm the results of the 
LIM estimation algorithm and bifurcation analysis.

Note that in Fig.  6b, there are some orange colored domains for 𝜇
slightly smaller than 𝜇cr . These apparently large LIM values are due 
to the very small BoA of the trivial solution in that region, which 
prevents the algorithm from finding any trajectory converging to the 
equilibrium. This leads to very high LIM values for the periodic so-
lution (which appears globally stable for the algorithm). The same 
phenomenon was discussed referring to Fig.  5b.

3.2. Inverted pendulum with NLTVA

For the second case study, we consider an inverted pendulum with 
an attached nonlinear tuned vibration absorber (NLTVA) (see Fig.  7); 
this configuration was also studied in the papers [60,66]. The tilt angle 
of the inverted pendulum and that of the vibration absorber are denoted 
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Fig. 7. Mechanical model of the inverted pendulum with nonlinear tuned 
vibration absorber in the gravitational space. The delayed proportional deriva-
tive control torque is denoted by 𝑀(𝑡).

by 𝜑1 and 𝜑2, respectively, while the delayed proportional-derivative 
control torque 𝑀 intends to stabilize the pendulum in the upward 
position in the gravitational space.

The corresponding dimensionless governing equations assume the 
form

𝜑̈1(𝑡) − sin(𝜑1(𝑡)) + 2𝜁2𝜇𝛾(𝜑̇1(𝑡) − 𝜑̇2(𝑡))

+𝜇𝛾2(𝜑1(𝑡) − 𝜑2(𝑡)) = 𝑀(𝑡), (11)
𝜇(𝜑̈2(𝑡) + 2𝜁2𝛾(𝜑̇2(𝑡) − 𝜑̇1(𝑡))

+𝛾2(𝜑2(𝑡) − 𝜑1(𝑡))) = 0, (12)

where 𝜇 refers to the ratio of mass moment of inertia of the NLTVA 
with respect to that of the inverted pendulum, 𝜁2 denotes the relative 
damping of the NLTVA, and 𝛾 is the natural frequency ratio. Moreover, 
the control torque 𝑀 is subjected to constant time delay 𝜏, and it takes 
the form 
𝑀(𝑡) = −𝑝𝜑1(𝑡 − 𝜏) − 𝑑𝜑̇1(𝑡 − 𝜏) , (13)

where 𝑝 and 𝑑 denote the dimensionless proportional and derivative 
control gains, respectively.

In the followings, the system parameters are fixed to 𝜇 = 0.1, 𝛾 = 2.3, 
𝜁2 = 0.174 and 𝜏 = 0.5.

First, we apply the proposed algorithm to estimate the LIM of 
the fixed point; the corresponding results are presented in the upper 
panels of Fig.  8. Fig.  8a shows a bifurcation diagram obtained with
DDE-BIFTOOL for 𝑑 = 2.8. In this case, the fixed point is stable for 
𝑝 < 𝑝cr ≈ 2.695, and a subcritical Hopf bifurcation occurs at the stabil-
ity boundary. As 𝑝 is decreased, the amplitude of the corresponding 
unstable limit cycles increases, while at 𝑝 = 𝑝f ,1 ≈ 1.257, this branch 
folds back yielding stable limit cycles coexisting with the stable fixed 
point. This is followed by a second fold bifurcation at 𝑝 = 𝑝f ,2 ≈ 1.502. 
Looking even further, a series of fold bifurcations occur, which lead to 
alternately stable and unstable branches with increasing amplitude.

Fig.  8b presents the estimated LIM of the fixed point as the bifurca-
tion parameter 𝑝 is varied. The results of the algorithm are consistent 
with the trend of the unstable branch of the bifurcation diagram. If 
𝑝 < 𝑝f ,1, the zero equilibrium point is globally attractive yielding that 
the corresponding LIM is infinite. Accordingly, the LIM curve has a 
sharp turn at that critical value. Note that in the algorithm, the upper 
limit for the value of the LIM is restricted by the space boundary; 
still, the prediction of the fold point is good. For increasing 𝑝 values, 
the LIM monotonously decreases (apart from numerical errors in the 
estimation), until reaching zero at the stability loss, for 𝑝 = 𝑝cr.

We remark that exactly the same problem was analyzed in [60] with 
a different algorithm and different definition of the LIM. Qualitatively 



B. Szaksz and G. Habib International Journal of Non-Linear Mechanics 185 (2026) 105337 
Fig. 8. Nonlinear analysis of the inverted pendulum with NLTVA. Panel (a) shows a bifurcation diagram for 𝑑 = 2.8, while panel (d) presents an enlarged version 
of that focusing on the stable limit cycle between the first two fold points. Still for 𝑑 = 2.8, panels (b) and (e) show the estimated LIM of the fixed point and 
of the limit cycle, respectively. Panel (c) depicts a stability chart in the plane of the proportional and differential gains, which is colored according to the LIM 
of the fixed point. Finally, panel (f) is colored according to the LIM of the stable limit cycle that exists in a strip in the (𝑝, 𝑑) plane.  (For interpretation of the 
references to color in this figure legend, the reader is referred to the web version of this article.)
the same results are obtained in that paper as in this current one. How-
ever, the new algorithm is more efficient because the LIM estimation 
is based not only on the headpoint of an initial condition, but on the 
entire trajectory.

The improved efficiency makes the algorithm applicable for two-
dimensional parameter sweeping, which is presented in Fig.  8c. The 
black and light blue curves show the saddle–node and Hopf bifurcation 
curves, respectively, while the stable domain is colored according to 
the value of the estimated LIM. As it can be seen, there is a triangular 
shaped yellow area, where the fixed point is globally stable. As one 
goes along the Hopf bifurcation curve from the bottom left corner of 
the stability chart, the bifurcation is first subcritical, then it turns to be 
supercritical for a while and, above 𝑑 = 2.1, it is again subcritical. This 
phenomenon is well captured by the proposed algorithm. The second 
subcritical branch is more relevant since the corresponding unstable 
limit cycle penetrates deep into the stable domain. This yields the small 
values of the LIM, which implies that even a small perturbation is 
enough to obtain a divergent trajectory. Note that the results in Figs. 
8a and 8b also fall within this region.

As it was discussed above, for particular parameter domains, a sta-
ble limit cycle coexist with the stable equilibrium. The corresponding 
analysis is presented in the lower panels of Fig.  8. Fig.  8d shows the first 
stable branch of the bifurcation curve (see the dashed black rectangle 
in Fig.  8a).

The DI of the limit cycle is reduced to zero at both the left and 
right fold points. This can be seen in Fig.  8e, which presents the LIM 
as the control gain 𝑝 is varied. We note that the LIM trend presents 
a sort of non-smoothness for 𝑝 ≈ 1.425. This is probably related to the 
competing effect of the two different unstable limit cycles, which bound 
the LIM of the periodic solution. For 𝑝 < 1.425 the smaller unstable limit 
cycle restricts the LIM, while for 𝑝 > 1.425 the larger one delimits it. The 
transition is marked by the non-smoothness.
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Finally, Fig.  8f shows a 2-dimensional parametric analysis of the 
LIM of the stable limit cycle that exists in the colored strip. As it can 
be seen, the limit cycle is more robust against external perturbations for 
larger values of the derivative gain 𝑑. Moreover, it can also be observed 
from this 2-dimensional parametric analysis that at the left and right 
boundaries of the region of existence of the limit cycle, its LIM tends to 
zero, which agrees with our expectations. This is better visualized in the 
section of Fig.  8e, which clearly illustrates the increasing/decreasing 
trend of the LIM. However, the small region of existence of the stable 
limit cycle makes it sensitive also to parameter variations.

4. Discussion

The proposed algorithm is a powerful tool to obtain the DI of 
steady state solutions in time-delay systems. Thanks to its rapidity, 
it enables parametric analysis for DI investigation, allowing one to 
determine the parameter domains in which the system is sensitive to 
external perturbations. In the following, its advantages and limitations 
are discussed.

This algorithm builds upon the one introduced in [60]. That pre-
vious approach was already relatively fast and enabled parametric 
analysis — something unfeasible with other methods used for DI anal-
ysis, especially in time-delay systems. Its computational efficiency was 
achieved through applying cell subdivision in the state-space for trajec-
tory identification, and directly targeting the LIM instead of the BoA, 
thereby overlooking intermingled and fractal-like BoA boundaries and 
avoiding memory-related limitations.

The main difference from [60] lies in the treatment of the state-
space. Here, the infinite-dimensional state-space of the time-delay sys-
tem is also discretized, which allows the full trajectory to be utilized for 
LIM identification and trajectory comparison. In contrast, the previous 
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method relied only on the headpoints of the trajectories’ initial condi-
tions. This extension not only further accelerates the computation but 
also enables the analysis of LIMs associated with limit cycles – a key 
advancement of the current algorithm.

It is worth noting that the discretization of the state-space in the 
time dimension is coarser than the time discretization of the fourth-
order Runge–Kutta scheme used for generating the trajectories. This 
represents a necessary trade-off between accuracy and computational 
efficiency.

Although the numerical value of the system’s LIM at a single param-
eter setup is not always informative, the algorithm’s rapidity allows one 
to carry out one or two-dimensional parameter analyses that provide 
the qualitative trends in the DI. This makes the algorithm an efficient 
tool for the DI analysis of nonlinear time-delay systems, even in the 
context of engineering design.

The major limitation of the method is related to the initial functions 
used for trajectory generation. Although the algorithm can theoreti-
cally handle any initial function, it is convenient to restrict them to 
a specific type to avoid non-physical initial conditions (for example, 
encompassing multiple jumps in the position and velocity); this also 
accelerates the computation, by providing faster convergences towards 
similar regions of the state-space. Regardless of this limitation, most 
engineering systems have their own typical type of perturbation which 
can be implemented in the algorithm. This is often a jump in the state 
of the system, as was done in the current paper. Furthermore, this is 
a common problem to all methods analyzing the global dynamics of 
time-delay systems, which always require to restrict the system’s initial 
conditions [58,59].

Also, we should emphasize that in the current form, the algo-
rithm is developed for deterministic systems. In order to be applica-
ble for stochastic systems, one should reconsider the convergence of 
trajectories and the utilization of the cell structure. 

Another limitation is related to the discretization of the state-
space in time. In the discretized state-space, a point can correspond to 
different real states of the infinite-dimensional system, which can lead 
to errors if the sampling time is too large with respect to the fastest 
frequencies relevant for the system’s dynamics. This problem can be 
mitigated by reducing the temporal discretization; however, this leads 
to longer computational time because of the larger dimension of the 
discrete state-space.

Although the method has no theoretical limitation on the system 
dimension, its implementation to medium and large dimensional sys-
tems will significantly increase computational time, and potentially 
also generate memory issues. In this cases, it is convenient to imple-
ment a model reduction before running the LIM estimation code. In 
this respect, a first attempt was already made by Habib et al. [67], 
who analyzed the DI of high-dimensional and experimental systems 
by first obtaining a reduced-order model through the spectral sub-
manifold reduction [63,68], and then applying the LIM estimation 
algorithm in [44] to the reduced model. This approach, which re-
vealed accurate and computationally effective, could be easily extended 
to time-delay systems, since the theory for spectral submanifolds of 
time-delay systems is already established [64,69].

The algorithm was developed and tested only on retarded sys-
tems having a single discrete and fix time delay. Although it can be 
theoretically extended to other types of time-delay systems, such as 
neutral DDEs, DDEs with multiple, distributed, state-dependent and 
time varying delay [55], this would require to solve some non-trivial 
technicalities, which will be the subject of future studies.

Finally, the algorithm does not investigate the entire state-space, 
which would be unfeasible for large-dimensional systems.
Consequently, it might overlook attractors or narrow tongues of basins 
of attractions competing with the one of interest. This implies that, 
although typically the estimated LIM is only slightly larger than the 
real one, in some cases it might be significantly larger, missing poten-
tially dangerous regions of the state-space. Increasing the number of 
iterations of the algorithm mitigates the problem but does not solve it 
completely.
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5. Conclusion

A rapid and generally applicable algorithm is introduced for the 
estimation of the DI of steady states in time-delay systems. The pro-
posed algorithm allows parametric analysis for both fixed points and 
limit cycles, making it a particularly useful engineering tool for the 
determination of the robustness of a desired state against external 
perturbations.

The method is tested in two case studies – a van der Pol-Duffing os-
cillator with delayed derivative control and an inverted pendulum with 
NLTVA subjected to delayed proportional-derivative control – both of 
which have a stable limit cycle coexisting with the stable equilibrium 
or other solutions. The results were validated with continuation-based 
computations, which showed a good qualitative match.

Our future goal is to apply the algorithm to non-smooth systems, 
which poses further challenges, especially in the case of time-delay 
systems where the state of the system is a function of time [70]. This 
means that the non-smooth effect appears not only at the switching 
surface but it also affects the dynamics later, at integer multiples of the 
time delay, because of the memory effect. A typical example for this 
is the fly-over effect in machine tool vibrations [71].  Also, we plan 
to extend the proposed algorithm to be able to calculate the LIM of 
quasiperiodic and chaotic attractors, enabling it to handle all standard 
steady states encountered in deterministic systems. 

In addition, the LIM estimation of fixed points could be signifi-
cantly sped up by analytically calculating a conservative state-space 
region surrounding the solution, which is entirely within the BoA. 
In this case, the time integration of the trajectories could be inter-
rupted if the system enters this attracting domain. For ordinary dif-
ferential equations, there are promising Lyapunov function-based ap-
proaches [72–74], which might be implemented for this scope. How-
ever, it is not straightforward to construct them for generic dynami-
cal systems. Their implementation in time-delay systems poses addi-
tional challenges, which might be overcome using Lyapunov-Krasovskii 
functionals [57]. This will be the subject of future studies.
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